We obtain emergent universe (EU) scenario in four dimensions in the Einstein gravity with Gauss-Bonnet terms coupled with a dilaton field. We determine dilatonic potentials by considering a field dependent kinetic term for the EU scenario. We note that the Gauss-Bonnet (GB) term coupled with dilaton field plays an important role in describing the dynamics of the early universe. A new solution is obtained in which GB terms are found to dominate in the asymptotic past, which subsequently decreases to zero thereafter increases.
Introduction :
It is now generally accepted in modern cosmology that inflation is an essential ingredient for cosmological model building. Moreover, the recent astronomical observations predict that the universe is passing through an accelerated phase of expansion [1] . It is known that the Einstein's General theory Relativity (GTR) with usual matter fields in the standard model of particle physics admits early inflation [2, 3] . However, the present accelerating phase cannot be accommodated in the theory without a further modification. This led to explore modified theories of gravity in modern cosmology. Perhaps the present accelerating phase of expansion may be realized either modifying the matter sector or the gravitational sector by including higher derivative terms that are relevant in the low curvature limit. In GTR, the early inflation may be realized in a semi-classical theory of gravity where matter is described by quantum fields available in the standard model of particle physics [3, 4] . It is known that early inflation may be realized in a higher derivative theory described by the Lagrangian L = R+αR 2 , where R is the Ricci Scalar. Starobinsky [5] obtained inflationary solution using the above theory of gravity long before the advent of inflation [3] is actually known. The objective of inflationary universe scenario is to obtain a universe free from the outstanding problems of bigbang model. The search for a singularity free universe in recent times led to an emergent universe which is ever-existing and large enough so that the space-time may be treated as classical entities. There is no time-like singularity. The universe according to emergent universe model is almost in a static state in the infinite past (t → − ∞) but eventually it transits to an inflationary phase of expansion. In the early work, Harrison [6] obtained a cosmological solution with radiation in the presence of a cosmological constant in a closed model of the universe which asymptotically approaches to Einstein static universe but the scenario does not gracefully exit from the inflationary phase. Recently, Ellis and Maartens [7] obtained similar cosmological solution considering a minimally coupled scalar field with a special choice of its potential where the universe exits from its inflationary phase followed by reheating. Subsequently it was shown by Ellis et al. [8] that the potential required to obtain such scenario may be realized naturally by a conformal transformation of Einstein-Hilbert action with R 2 -term with a proper choice of its coupling constant. The model incorporates an asymptotically Einstein static universe in the past naturally and it eventually evolves to an accelerating universe in a closed universe.
The model is known as emergent universe model. It is interesting to look for an emergent universe scenario in different theories of gravity as the model is capable of solving some of the conceptual issues of the standard Bigbang model. The asymptotic Einstein static universe at some stage enters into the standard bigbang phase and might have features precisely known to us. A number of literatures [7] [8] [9] [10] [11] [12] [13] [14] appeared in recent times in different gravitational theories to test the existence of an emergent universe scenario, in which a universe which is ever existing and large enough so that the spacetime may be treated as classical entities. Mukherjee et al. [9] obtained an emergent universe (EU) scenario in a flat universe in the modified Starobinsky model. Subsequently, Mukherjee et al. [11] proposed a general framework for such an EU scenario in GR with a mixture of normal and exotic kinds of matters that are prescribed by an equation of state (EOS) :
where A and B are constants. The EU scenario can be realized for a soup comprising primordial compositions of matter that are permitted by the EOS. The composition of matter found to comprises of exotic matter and dark energy in addition to radiation/dust [11] in a flat universe. It was shown [12] that Jordan Brans-Dicke theory admits emergent universe with a stable past eternal static solution which eventually enters into a phase of inflationary expansion due to breaking of the stability. Using a modification of the matter sector, i.e., incorporating exotic matter, e.g., namely, phantom, tachyonic field etc., the emergent universe model is also explored [13] . It is shown that EU may be realized in closed, flat and open universe in case of phantom field whereas a closed universe only in the case of normal tachyonic field. Banerjee et al. [14] obtained EU in brane-world scenario with Schwarzschild-de Sitter bulk with a positive bulk cosmological constant. In this paper we explore an emergent universe scenario in a modified gravity without matter i.e., relaxing EOS that was considerd by Mukherjee et al. [11] in the theory . We consider here Einstein-Hilbert action with Gauss-Bonnet terms coupled with a dilaton field. It is known [15] that the string corrections due to Einstein action up to first order in the slope parameter and fourth power of momenta should be proportional to Gauss-Bonnet (GB) terms (where GB = R µνγδ R µνγδ − 4R µν R µν + R 2 ). However, it was realized subsequently that the field redefinition theorem of 't Hooft and Veltman [16] may be applicable in this case. On the Einstein's shell (R µν = 0), an action with curvature squared term of the form R + aR 2 µν + bR 2 may be transformed into R itself (neglecting higher order terms) by field redefinition :
where D represents the number of dimensions. Subsequently Deser and coworkers [17] have shown that on the linearized Einstein shell, the actions R + α ′ (GB) and R + α ′ R 2 µνγδ (here α ′ is the inverse of string tension) are not different and this result generalizes to all higher-order ghost terms. GB terms arise naturally as the leading order of the α ′ expansion of heterotic superstring theory. It is known that GB-term in the higher dimensions leads to ghost free propagator. It may be mentioned here that in the framework of 4 dimensions, the GB terms do not contribute in the dynamics of evolution. However, GB terms if coupled with a dilaton field in the action then the combination plays an important role in the dynamics of the evolution via the dilaton field. It has been shown also that GB combinations coupled with scalar field plays an important role for avoidence of singularity in a string induced gravity [18] . Later, in the braneworld scenario, it has been shown [19] that the naked singularities may not occur if dilaton with a Gauss-Bonnet term are considered.
The issues of fine tunning in a theory with a dilaton field and GB-terms interaction are studied in details in Ref. [19, 20] . Recently, cosmological models with dark energy of the universe are probed in the Einstein-Hilbert action with GB term and found that the theory admits new form of energy satisfactorily [21] . Recently it is demonstrated [22] that scalar field that enters into the coupling of GB terms in the action plays an important role which may be useful to explain different phases of expansion of the universe including the present accelerating phase. It is shown that GB terms with dilaton admits accelerating cosmologies in the framework of higher dimensions [23] . The Gauss-Bonnet terms in the Einstein-Hilbert action are used to obtain new black holes solution [24] and Kaluza-Klein space-times [25, 26] . It was noted earlier by Paul and Mukherjee [27] that a Gauss-Bonnet term in higher dimensions leads to a 4-dimensional universe at a later epoch with many good features considering the sign of the coupling parameter different from that one usually gets from the low energy limit of string theory in a split universe. The model also gives a satisfactory explanation of the smallness of the effective four dimensional cosmological constant. Recently, Einstein-Hilbert action with a combination of higher order curvature terms e.g., GB terms with dilaton are used to obtain the present accelerating phase of expansion of the universe [22, 28] . Therefore, there is a rich structure in the theories with GB terms that one needs to be explored.
The plan of the paper is as follows: in sec. 2, we present the gravitational action and set up the relevant field equations , in sec. 3, cosmological solutions with emergent universe scenario are derived. Finally, in sec. 4, we summarize the results obtained.
Action and the Field Equations:
We consider a gravitational action given by
where the Greek indices µ, ν represents (0, 1, 2, 3), f (φ) represents the coupling factor of the Gauss-Bonnet (GB) term and GB is a combination of squared terms of Riemann tensor, Ricci tensor and Ricci scalar ( GB = R µνγδ R µνγδ − 4R αβ R αβ + R 2 ), g represents the 4 dimensional metric, 8πG = κ 2 and L φ represents the Lagrangian for the dilaton field.
The corresponding Lagrangian for the dilaton field is given by
where ξ(φ) represents the coupling parameter for the field in the gravitational action and V (φ) represents potential of the dilaton field.
We consider a flat, homogeneous and isotropic Robertson-Walker (RW) metric with scale factor a(t), which is given by
The action given in (1) with the RW metric (3) yields the following field equations :
once again varying the action (1) with respect to the dilaton field φ, we get
where the over dot implies derivative w.r.t. time and prime ( ′ ) represents differentiation with respect to the field φ. In the above, out of the three equations (4)- (6), only two are independent, as eq. (6) can be derived from eqs. (4) and (5). It is evident that there are altogether five unknowns namely, a(t), φ, V (φ), ξ(φ) and f (φ) in the above field equations.
The equations may be solved with additional assumptions. Following Ref. [22] we begin with the following assumption
where η is a constant. It leads to a relation f (φ) = ηt(φ) + η o , where η o is a constant.
The coupling parameter f (φ), therefore, grows with time. Consequently the effect of the GB terms becomes more and more important at a later time, which may be useful for describing the present acceleration of the universe. Using eq. (7), eqs. (4) and (5) can be rewritten as
where H =ȧ a is the Hubble parameter. Now eliminating V (φ) from eqs. (8) and (9), we
The dilaton potential can be obtained from eqs. (8) and (9) eliminating ξ(φ)φ 2 , the corresponding potential becomes a function of Hubble parameter which is given by
the above potential may be expressed as a function of φ once the Hubble parameter (H) is known in terms of φ, which will be determined in the next section. It is now possible to determine the coupling parameters ξ(φ) and f (φ) for a given behaviour of the scale factor (a(t)) of the universe. The set of eqs. (10)- (11) contain four unknowns, therefore, two more ad hoc assumptions can be made to obtain a consistant cosmological solution. In the next section we begin with a known scale factor, which gives rise to an emergent universe scenario.
Cosmological Solutions
Let us consider the evolution of the scale factor of the universe describing an emergent universe [24, 26] ,
where a o , α, β and A are positive constants. The Hubble parameter corresponding to eq. (12) satisfies a first order differential equation given bẏ
Using above equation one can rewrite the dilaton coupling and the dilaton potential given by eqs. (8) (9) (10) as a function of the Hubble parameter. The field equations are highly nonlinear in this case. Consequently it is not simple to obtain a general form of ξ(φ) and V (φ) in terms of the dilaton field. Thus one obtains
For simplicity, as a special case let us consider β = 8ηκ 2 α in the above to determine the corresponding dilaton field potential in terms of the field. We now look for emergent universe solutions for different types of dilaton field. We note the following :
Case I : Exponentially increasing dilaton field
Let us consider an increasing dilaton field φ = φ o e αt . In this case the GB coupling terms becomes f (φ) = η α ln φ and the corresponding dilaton coupling is obained as becomes positive and almost constant after attaining a peak. The potential is given by
The Hubble parameter in this case is related to the field as
In this framework we obtain, A = 1 , φ o = 1 β and the corresponding evolution of the scale factor becomes
Case II : Decreasing Dilaton field
Let us consider a decreasing dilaton field φ = φ o e −αt . In this case the GB coupling term becomes f (φ) = − η α ln φ, and the dilaton coupling is given by In fig. 2 we plot variation of dilaton coupling ξ(φ) with φ. It is evident that ξ(φ) begins with a negative value then attains a minimum thereafter it increases as φ decreases. The potential for the dilaton field is obtained as
The Hubble parameter is given in terms of the dilaton as
the corresponding scale factor is given by
Case III : Logarithmically varying Dilaton
The coupling parameter of GB term varies as f (φ) = η e αφ , similar to that one expects in the string theory framework [29] . The dilaton coupling is given by
with potential Fig. 3 shows variation of ξ(φ) with φ for β = 5. The dilaton coupling in this case decreases as the dilaton field increases to begin with from a negative value initially, which later attains a minimum, thereafter, increases. In this case the effect of GB term becomes important at late time. The potential becomes flat as φ → ∞ which is shown in fig. 4 .
Case IV : Slowly varying Dilaton
Let us consider a slowly varying dilaton field φ = H. The coupling of GB term varies as f = η t. The dilaton coupling becomes 27) and the dilaton potential is given by
We plot ξ(φ) with φ, for β = 5 in fig. 5 . We note that the coupling parameter becomes undetermined when φ = α β . In this case it is necessary to begin with an initial field which is greater than the above limiting value. In this case the coupling parameter always remains 
In this case the universe evolves as
Case V : Power law varying Dilaton
Let us consider now f (φ) = η o + ηφ 2 to obtain EU scenario. In this case the dilaton evolves as φ = ± √ t where the dilaton coupling term becomes
and the potential is fig. 8 , which has two flat regions one in the early era and the other in the late era respectively. This is new and interesting for accommodating early inflation and late acceleration together in a model. A detail analysis for the transition region in the potential when φ → 0 will be studied elsewhere.
In this case the GB coupling parameter f (φ) → ±∞ as t → ±∞. It is found that the GB combination dominated in the early epoch of evolution which gradually decreases to zero value (for η o = 0) corresponding to a minimum of f (φ) (say at t = 0) thereafter it increases which is shown in fig. 9 . Thus it is evident that GB term is important in describing both the early era and the late era also. The late acceleration perhaps assisted by dark energy [29] may be realized in the theory.
Discussion :
In this letter we explored the emergent scenario of the universe in a modified Einstein gravitational action with Gauss-Bonnet term coupled with a dilaton field in four dimensions. We look for a model of the emergent universe scenario which is spatially flat, without taking into account matter. In the emergent universe model, the universe was in an almost static state in the infinite past but it eventually evolves into an inflationary stage later on.
We note that emergent universe scenario obtained in Refs. [9, 11] can be accommodated fairly well in the modified theory of gravity with GB terms with suitable choices of the dilaton and GB coupling parameters, which we determined here and noted in cases I to V above. It is found that the GB combination plays here a crucial role for obtaining early inflation as well as late acceleration. An new solution is obtained in case V, where the coupling parameter of the GB term dominated in the past and it will dominate once again in late time evolution of the universe. The dilaton potential with two flat portion on both sides of φ = 0 obtained here is interesting which is shown in fig. 8 . The late acceleration of the universe may be explained in this framework quite successfully. We also note cosmological solution where the dilaton field behaves like phantom in the early era but it transits to non-minimally coupled scalar field in the later epoch in all the cases except in one case where φ ∼ H and f (φ) increases linearly with t. However, in this case EU scenario can be implemented with a negative dilaton potential. We also note that the observed supernova redshift data fits well in the case of EU scenario to accommodate the present accelerating phase of expansion.
